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Abstract
Fermat’s Last Theorem states that the Diophantine equation Xn+Y n = Zn has no
non-trivial solution for any n greater than 2. In this paper we give a brief and simple
proof of the theorem using only elementary methods.
Introduction
The only known successful proof of Fermat’s Last Theorem was given in 1994 by
Andrew Wiles [5]. Unfortunately this proof contains nearly hundred pages and can
be understood in its entirety only by some specialists. For this reason and relating to
Fermat’s famous marginal note1, many people (mostly amateurs) are still looking for a
shorter and simpler proof based on elementary methods. In this paper we present such
a proof.
To prove Fermat’s Last Theorem it suffices to prove it for the exponent 4 and
every odd prime exponent. A proof for the case n = 4 has already been given by
Fermat himself. Therefore we give our proof only for the prime exponents greater than
2. First, we proof the correctness of the Diophantine identity (z − y)n = zn − yn −
nzy(z−y)λn,y,z with gcd(y, z, λn,y,z) = 1 for any odd prime n. Then we use the identity
zn = axy − b(x + y) + c with a, b, c ∈ Z to convert the equation xn + yn = zn to the
form bxn+1 + b(zn+1 − yn+1) = cxn + ax(zn+1 − yn+1). Finally, we show that (zn − yn)
must divide (zn+1 − yn+1). From this we deduce that xn + yn = zn holds only for the
trivial solutions.
1See [4] for the complete text.
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The Proof
Lemma 1. Let y, z be integers with gcd(y, z) = 1. Then for any odd prime n there
exists an integer λn,y,z with gcd(y, z, λn,y,z) = 1 such that
(z − y)n = zn − yn − nzy(z − y)λn,y,z. (1)
Proof. According to the binomial theorem, we have
(z − y)n =
n∑
k=0
(
n
k
)
zn−k(−y)k
= zn − yn +
n−1∑
k=1
(
n
k
)
zn−k(−y)k
= zn − yn − nzy ·
n−1∑
k=1
1
n
(
n
k
)
zn−k−1(−y)k−1
= zn − yn − nzy(z − y) ·
n−2∑
k=1
1
n
((
n− 1
k
)
+ (−1)k+1
)
zn−k−2(−y)k−1. (2)
The term 1
n
((
n−1
k
)
+ (−1)k+1
)
assumes only positive integer values for and odd prime
n. A proof can be found in Mamakani [2]. The OEIS reference for these values is
A219539 [3].
By substituting λn,y,z =
∑n−2
k=1
1
n
((
n−1
k
)
+ (−1)k+1
)
zn−k−2yk−1 into (2) we get (1).
For n = 3 we have λ3,y,z = 1. For primes n > 3 it follows from gcd(y, z) = 1 and the
expansion of λn,y,z, given by
zn−3 −
(
n−1
2
)
− 1
n
zn−4y + · · · −
(
n−1
n−3
)
− 1
n
zyn−4 + yn−3, (3)
that gcd(y, z, λn,y,z) = 1. Because if z divides λn,y,z then z | y
n−3, and if y divides λn,y,z
then y | zn−3. This completes the proof. 
Lemma 2. Let a, b, c be integers defined by
a =
1
z − y
·
n−2∑
k=0
xn−2−k(zk+1 − yk+1), (4)
b =
1
z − y
·
n−1∑
k=0
xn−1−k(zk+1 − yk+1), (5)
c =
1
z − y
·
n∑
k=0
xn−k(zk+1 − yk+1), (6)
then the identity
zn = axy − b(x+ y) + c, (7)
holds for all integers x, y, z and any nonnegative integer n.
2
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Proof. Multiplying (4) by x gives
ax =
1
z − y
·
n−2∑
k=0
xn−1−k(zk+1 − yk+1).
Adding z
n
−yn
z−y
we get
ax+
zn − yn
z − y
=
1
z − y
·
n−1∑
k=0
xn−1−k(zk+1 − yk+1) = b.
Multiplying by (z − y) yields
ax(z − y) + zn − yn = b(z − y). (8)
Multiplying (5) by x we have
bx =
1
z − y
·
n−1∑
k=0
xn−k(zk+1 − yk+1).
Adding z
n+1
−yn+1
z−y
we get
bx+
zn+1 − yn+1
z − y
=
1
z − y
·
n∑
k=0
xn−k(zk+1 − yk+1) = c.
Multiplying by (z − y) we obtain
bx(z − y) + zn+1 − yn+1 = c(z − y). (9)
Now we can prove the evidence of (7). Multiplying (7) by (z − y) gives
zn(z − y) = axy(z − y)− b(x+ y)(z − y) + c(z − y).
Applying (8) on the right-hand side we get
zn(z − y) = y
(
b(z − y)− zn + yn
)
− b(x+ y)(z − y) + c(z − y)
= −bx(z − y)− yzn + yn+1 + c(z − y).
Applying (9) on the right-hand side yields
zn(z − y) = −bx(z − y)− yzn + yn+1 + bx(z − y) + zn+1 − yn+1
= zn+1 − yzn.
We obtain a true statement, which completes the proof. 
Lemma 3. Let x, y, z be nonzero integers with gcd(x, y, z) = 1 and let n be an odd
prime. According to Lemma 2, if n ∤ x and (z − y) | x, we have gcd(x, b) = 1.
Proof. Let px be a prime factor of (z − y) and x. We know that (z − y) divides
3
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(zk+1 − yk+1) for k = 0, . . . , n− 2. It follows from (5) that only z
n
−yn
z−y
decides whether
px divides b. Applying Lemma 1 we obtain
zn − yn
z − y
= (z − y)n−1 + nzyλn,y,z, (10)
with gcd(y, z, λn,y,z) = 1. Because x, y, z are pairwise relatively prime, exactly one of
these integers is even. If x is even then y, z are odd, so (z−y) is even. Applying Lemma
1 it follows from (3) that λn,y,z is odd, because the sum consists of an odd number
of terms, where the number of even coefficients is also even and the number of odd
coefficients is also odd. If x is odd then y, z have different parity, so (z − y) is odd.
Applying Lemma 1 it follows from (3) that λn,y,z is odd, because each term in the sum is
even except (zn−3+yn−3) which is odd. From gcd(y, z) = 1 we have gcd(y, z, z−y) = 1,
hence gcd(z − y, λn,y,z) = 1, so gcd(z − y, zyλn,y,z) = 1. It follows with (z− y) | x, n ∤ x
and x 6= ±1 that px ∤ nzyλn,y,z. Hence px does not divide the right-hand side of (10),
which completes the proof. 
Theorem 4. The Diophantine equation Xn + Y n = Zn has no non-trivial solution for
any odd prime number n.
Proof. We assume that x, y, z are nonzero integers and n is an odd prime such that
xn + yn = zn. (11)
It suffices to consider only solutions (x, y, z) with gcd(x, y, z) = 1. Hence x, y, z are
pairwise relatively prime and exactly one of these integers is even. By Lemma 1 we
have
(x+ y − z)n = (x+ y)n − zn − n(x+ y)z(x+ y − z)λn,x+y,z.
Applying Lemma 1 on the right-hand side gives
(x+ y − z)n = xn + yn + nxy(x+ y)λn,x,y − z
n − n(x+ y)z(x+ y − z)λn,x+y,z.
Applying (11) on the right-hand side we obtain
(x+ y − z)n = nxy(x+ y)λn,x,y − n(x+ y)z(x+ y − z)λn,x+y,z,
that is
(x+ y − z)n = n(x+ y)
(
xyλn,x,y − z(x+ y − z)λn,x+y,z
)
. (12)
Because n is an odd prime we conclude from (12) that n | (x+y−z)n, hence n | (x+y−z).
From gcd(x, y, z) = 1 it follows that n divides one and only one of the integers x, y, z.
Interchanging x and y does not change (11), therefore it suffices to consider the cases
n | y or n | z. Applying (11) on the right-hand side of (8) we obtain
ax(z − y) + xn = b(z − y),
hence
xn = (b− ax)(z − y). (13)
4
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From (9) we have
zn+1 − yn+1 = (c− bx)(z − y). (14)
Combining (13) with (14) yields
xn(c− bx) = (zn+1 − yn+1)(b− ax),
that is
bxn+1 + b(zn+1 − yn+1) = cxn + ax(zn+1 − yn+1). (15)
Now we assume that x 6= ±1 and n ∤ x. Applying Lemma 1 it follows from (11) that
(z−y) | xn. From gcd(x, y, z) = 1 and gcd(y, z, λn,y,z) = 1 we have gcd(z−y, λn,y,z) = 1,
and so (z − y) | x. By Lemma (3) we have gcd(x, b) = 1. Hence, dividing (15) by x we
obtain
bxn + b ·
zn+1 − yn+1
x
= cxn−1 + a(zn+1 − yn+1),
which gives x | (zn+1 − yn+1). Hence x divides the right-hand side, so
bxn−1 + b ·
zn+1 − yn+1
x2
= cxn−2 + a ·
zn+1 − yn+1
x
,
and consequently x2 | (zn+1− yn+1). Thus it follows that (15) can be divide n times by
x, which yields
bx+ b ·
zn+1 − yn+1
xn
= c+ a ·
zn+1 − yn+1
xn−1
. (16)
From (16) we conclude that xn | (zn+1 − yn+1). Applying (11) this gives (zn − yn) |
(zn+1 − yn+1), which clearly forces with gcd(x, y, z) = 1 that (z − y) = ±2. Hence y, z
are odd and x is even. Applying (11) it follows by Lemma (1) that
xn = (y ± 2)n − yn
= ±2n ± 2ny(y ± 2)λn,y,2.
Dividing by 2n we obtain
(x
2
)n
= ±1±
ny(y ± 2)λn,y,2
2n−1
. (17)
With y odd it follows easily from (3) that λn,y,2 is odd, because all terms in the sum are
even except yn−3. This gives a contradiction in (17), because x is even and ny(y±2)λn,y,2
is odd. Consequently, a non-trivial solution with n ∤ x can not exists. In the case n | x
we interchange x and y, which completes the proof. 
Remark 5. The terms from (4)–(6) represent special cases of the trinomial expansion
of (x+ y+ z)n with the peculiarity that all trinomial coefficients given by
(
n
i,j,k
)
= n!
i! j! k!
were set equal to 1. Let x, y, z be integers, then for any nonnegative integer n we have
1
z − y
·
n∑
k=0
xn−k(zk+1 − yk+1) =
∑
i+j+k=n
xiyjzk,
where i, j, k are all nonnegative integers such that i+ j + k = n.
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Remark 6. We can rewrite the terms from (4)–(6) as fractions. From (4) we obtain
a =
z
z − y
·
n−2∑
k=0
xn−2−kzk −
y
z − y
·
n−2∑
k=0
xn−2−kyk
=
z
z − y
·
zn−1 − xn−1
z − x
−
y
z − y
·
yn−1 − xn−1
y − x
=
xn(z − y) + yn(x− z) + zn(y − x)
(z − y)(x− z)(x− y)
=
xn(z − y) + yn(x− z) + zn(y − x)
x2(z − y) + y2(x− z) + z2(y − x)
.
In a similar way, we may show that
b =
xn+1(z − y) + yn+1(x− z) + zn+1(y − x)
x2(z − y) + y2(x− z) + z2(y − x)
,
c =
xn+2(z − y) + yn+2(x− z) + zn+2(y − x)
x2(z − y) + y2(x− z) + z2(y − x)
.
Table 1 gives an overview on all possible integer values for a, b, c from (4)–(6) for any
nonnegative integer n.
n a b c
0 0 0 1
1 0 1 ∈ Z
2 1 ∈ Z ∈ N
odd ≥ 3 ∈ Z ∈ N ∈ Z
even ≥ 4 ∈ N ∈ Z ∈ N
Table 1: Possible values for a, b, c.
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